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This work describes coherent states for a physical system governed by a Hamil-
tonian operator, in two dimensional space, of spinless charged particles subject to
a perpendicular magnetic field B, coupled with a harmonic potential. The under-
lying su(1, 1) Lie algebra and Barut-Girardello coherent states are constructed and
discussed. Then, the Berezin - Klauder - Toeplitz quantization, also known as co-
herent state (or anti-Wick) quantization, is discussed. The thermodynamics of such
a quantum gas system is elaborated and analyzed.
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1. Introduction
The system of charged quantum particles interacting with a constant magnetic field
is undoubtedly one of the most thoroughly investigated systems in quantum mechanics,
mainly inspired by condensed matter physics and quantum optics. A family of coherent
states (CS) adapted to such a system was first proposed in [1]. In [2], the behavior of the
transverse motion of electrons in an external uniform magnetic field B was considered.
[1]
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A complete set of CS wave packets was constructed. These states are non-spreading
packets of minimum uncertainty that follow a classical motion. They are the eigenstates
of two non-Hermitian operators that annihilate the (zero-) energy and angular momentum
ground states, respectively. The CS basis was used for the calculation of the partition
function. Landau diamagnetism and de Haas-van Alphen oscillations are contained in
this setting.
Some alternative constructions were proposed in [3] and [4]. In metal and other dense
electronic systems, the electrons occupy many Landau levels. Furthermore, the kinetic
energy levels of electrons in two-dimensional gas correspond to Landau levels. In [5], the
generalized Gazeau-Klauder CS were extended to systems with more than one degree of
freedom. There, three different types of these generalized CS were considered. su(2) and
su(1, 1) symmetries of isotopic harmonic oscillator in two-dimensional spinless charged
particles in the presence of a constant magnetic field were investigated. CS also play an
important role in non-equilibrium statistical physics. They describe the evolution towards
thermodynamic equilibrium for quantum systems with equidistant energy spectra [6].
CS were also investigated to obtain Landau diamagnetism for a free electron gas
[7]. In [8] generalized Klauder-Perelomov [6] and Gazeau-Klauder [9] CS of Landau
levels were constructed using two different representations for the Lie algebra h4. In
[10], the Landau levels were reorganized into two different hidden symmetries, namely
su(2) and su(1, 1). The representation of su(1, 1) by the Landau levels then led to the
construction of the Barut-Girardello CS (BGCS) [11]. In [12], Glauber two-variable
CS were developed in various representations using a unitary displacement operator.
Klauder-Perelomov CS of su(1, 1) and su(2) algebras, for Landau levels, minimizing the
Heisenberg uncertainty relation, and their statistical properties were discussed. More
recently, Bergeron et al [13] investigated the consistency of CS quantization, (also named
Berezin-Klauder-Toeplitz or anti-Wick quantization), and reached the conclusion that the
predictions resulting from this type of quantization and those resulting from canonical
quantization are compatible on a physical level for non-relativistic systems, even though
these two quantization techniques are not mathematically equivalent.
This work aims at considering Landau levels for a Hamiltonian operator describing
the motion, in two-dimensional space, of spinless charged particles subject to a perpen-
dicular magnetic field B coupled with a harmonic potential. The underlying su(1, 1)
Lie algebra and BGCS are constructed and discussed. Then, the Berezin - Klauder -
Toeplitz quantization is performed. The thermodynamics of such a quantum gas system
is elaborated and analyzed.
The paper is organized as follows. In section 2, we start with the study of a spinless
charged particles gas on the (x, y)-space in a magnetic field B with an isotropic harmonic
potential. We use step and orbit-center coordinate operators. In section 3, the su(1, 1)
representation in the Hamiltonian quantum states is studied. There follows a discussion
of the BGCS of the Lie algebra su(1, 1). The mean values of SU(1, 1) group generators
and of the physical system observables, the probability density and the time dependence
of the BGCS are calculated. The quantization of a complex plane using these states
is investigated in section 4. The Mandel paremeter is studied in section 5. In section
6, the main statistical properties for the quantum gas in thermodynamic equilibrium
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with a reservoir at temperature T are computed and analyzed. Section 7 is devoted to
concluding remarks.
2. Hamiltonian operator of an electron in a uniform magnetic field with a
harmonic potential
Consider a system of spinless charged particles confined to two-dimensional (x, y)-
space, with a magnetic field B applied along the z-direction. The eigenstates and eigen-
values of such a system were investigated for the first time by Landau [7]. When a
harmonic potential is introduced and the Coulomb interactions are neglected, this sys-
tem is described by the Fock-Darwin Hamiltonian [14, 15]
H = 1
2M
(
p+
e
c
A
)2
+
Mω20
2
r2 (1)
where M is the particle mass, e the particle charge, p is the kinetic momentum and A
is the vector potential. We study the problem by considering the transverse motion of
the electrons in the (x, y)-space.
In the symmetric gauge
A =
(
−B
2
y,
B
2
x
)
, (2)
the classical Hamiltonian H in (1) becomes
H˜(p, r) ≡ H˜ = 1
2M
[(
px − eB
2c
y
)2
+
(
py +
eB
2c
x
)2]
+
Mω20
2
(x2 + y2). (3)
Introduce the coordinate operators (Rˆ1, Rˆ2) = (Xˆ, Yˆ ), and momentum operators (Pˆ1, Pˆ2) =
(Pˆx, Pˆy), satisfying the canonical commutation relations
[Rˆi, Pˆj ] = i~δij . (4)
Let
Zˆ = Xˆ + iYˆ , Pˆz =
1
2
(Pˆx − iPˆy), Pˆz¯ = 1
2
(Pˆx + iPˆy) (5)
and consider the set of energy raising operator π+ and lowering operator π− defined by
[2]
π+ = 2Pˆz¯ + i
MΩ
2
Zˆ, π− = 2Pˆz − iMΩ
2
ˆ¯Z, (6)
such that
[π−, π+] = 2MΩ~. (7)
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Defining the operators πˆx and πˆy as:
πˆx := Pˆx − MΩ
2
Yˆ ,
πˆy := Pˆy +
MΩ
2
Xˆ, (8)
we can formulate the angular momentum raising operator X+ and lowering operator X−
as follows:
X+ =
(
Xˆ − πˆy
MΩ
)
+ i
(
Yˆ +
πˆx
MΩ
)
=
1
2
Zˆ +
2i
MΩ
Pˆz¯, (9)
X− =
(
Xˆ − πˆy
MΩ
)
− i
(
Yˆ +
πˆx
MΩ
)
=
1
2
ˆ¯Z − 2i
MΩ
Pˆz , (10)
with their commutation relation given by
[X+, X−] = 2l2. (11)
The quantity l :=
√
~
MΩ is taken as the classical radius of the ground-state’s Landau
orbit for the frequency Ω; the motion along the z-axis is free, Ω =
√
ω2c + 4ω
2
0 and the
cyclotron frequency ωc =
eB
Mc .
The eigenvalues corresponding to (3) are given by
En,m = ~Ω
(
n+
1
2
)
− ~
2
(Ω− ωc)m. (12)
The eigenstates |n,m〉 are determined by two quantum numbers: n ∈ N associated to
the energy, and m ∈ Z associated to the z− projection of the angular momentum, where
the constraint n ≥ m holds. These eigenvalues are the same as those obtained in [2, 12].
The Hilbert space spanned by the states |n,m〉 is given by
H = span{|n,m〉, n ≥ m, n = 0, 1, 2, · · · ,+∞;m = n, n− 1, · · · , 0,−1, · · · ,−∞}. (13)
We have the decomposition, for non positive integers m′,
H =
(⊕
m′<0
H′m′
)⊕(+∞⊕
m=0
Hm
)
(14)
such that the identity operator IH on H writes as follows:
IH =
(⊕
m′<0
IH′
m′
)⊕(+∞⊕
m=0
IHm
)
(15)
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with
IH′
m′
=
+∞∑
n=0
|n,m′〉〈n,m′|, IHm =
+∞∑
n=m
|n,m〉〈n,m|. (16)
3. Representation of su(1, 1) algebra of the quantum Hamiltonian states
3.1. Hilbert space representation
Rewrite now the step and orbit-center coordinate operators, denoted by πˆ± and Xˆ±,
with the help of dimensionless variables as follows:
πˆ+ = l
√
2
[
i
4l2
Zˆ +
1
~
Pˆz¯
]
, πˆ− = l
√
2
[
− i
4l2
ˆ¯Z +
1
~
Pˆz
]
, (17)
Xˆ+ =
√
2
l
[
1
4
Zˆ +
il2
~
Pˆz¯
]
, Xˆ− =
√
2
l
[
1
4
ˆ¯Z − il
2
~
Pˆz
]
. (18)
These operators satisfy the following canonical commutation relations
[πˆ−, πˆ+] = I, [Xˆ+, Xˆ−] = I. (19)
The application of X+ on the highest weight vector |n, n〉 yields 0 [2].
Consider the Lie algebra su(1, 1) [17] corresponding to the SU(1, 1) group, spanned
by the three group generators {K1,K2,K3} such that
[K1,K2] = −iK3, [K2,K3] = iK1, [K3,K1] = iK2. (20)
As matter of convenience, let us define the raising and lowering operators K± =
K1 ± iK2 as the following second-order differential operators:
K+ := πˆ+Xˆ−, K− := πˆ−Xˆ+, (21)
and the operator
K3 := 1
2
(πˆ+πˆ− + Xˆ+Xˆ−). (22)
They satisfy the commutation relations of the Lie algebra su(1, 1):
[K+,K−] = −2K3, [K3,K±] = ±K±. (23)
The operators πˆ+ and πˆ− act as follows:
πˆ+|n− 1,m− 1〉 =
√
n|n,m〉, πˆ−|n,m〉 =
√
n|n− 1,m− 1〉, (24)
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Xˆ+|n,m〉 =
√
(n−m)|n,m+ 1〉, Xˆ−|n,m〉 =
√
(n−m+ 1)|n,m− 1〉. (25)
The state |m,m〉 is annihilated by the lowering operator K−, i.e.
K−|m,m〉 = 0. (26)
There results the following representation of the Lie algebra su(1, 1) in H given in (13):
K+|n− 1,m〉 =
√
n(n−m)|n,m〉
K−|n,m〉 =
√
n(n−m)|n− 1,m〉
K3|n,m〉 = 1
2
(2n−m+ 1)|n,m〉. (27)
We deduce the expression of an arbitrary state |n,m〉 using the first equation of (27)
as follows:
|n,m〉 =
√
Γ(m+ 1)
Γ(n−m+ 1)Γ(n+ 1) K
n−m
+ |m,m〉. (28)
3.2. CS for the su(1, 1) algebra
In this paragraph, we first construct the su(1, 1) algebra CS for the quantum system
on the Hilbert subspace Hm := span{|n,m〉}n≥m,m≥0 and after on the subspace H′m′ :=
span{|n,m′〉}n≥m′,m′<0. Then we discuss their reproducing kernel and analyticity.
The BGCS in the Hilbert subspace Hm can be defined as eigenstates of the lowering
generator K− of the Lie algebra su(1, 1) [11], i.e.
K−|z〉m = z|z〉m (29)
where z is an arbitrary complex variable of the form z = ρeiφ, 0 ≤ ρ < ∞, 0 ≤ φ < 2π.
The eigenstates |z〉m can be represented as the superposition of the complete orthonormal
basis |n,m〉 of Hm as follows:
|z〉m =
+∞∑
n=m
〈n,m|z〉m |n,m〉. (30)
Using (29), (30), the third equation in (27) and the orthonormality relation
+∞∑
n=m
|n,m〉〈n,m| = IHm , (31)
we get
〈n,m|z〉m = z√
n(n−m) 〈n− 1,m|z〉m. (32)
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This relation can be recursively transformed into
〈n,m|z〉m =
√
Γ(m+ 1)
Γ(n−m+ 1)Γ(n+ 1) z
n−m〈m,m|z〉m. (33)
Then the state |z〉m in the Hilbert subspace Hm can be rewritten as:
|z〉m = |〈m,m|z〉m|
+∞∑
n=m
zn−m
√
Γ(m+ 1)
Γ(n−m+ 1)Γ(n+ 1) |n,m〉. (34)
The normalization factor |〈m,m|z〉m| can be obtained by normalizing to unity the states
|z〉m and using the relation [18]
+∞∑
n=0
xn
n!Γ(n+ ν + 1)
=
1
xν
Iν(2x), (35)
where Iν(2x) is the modified Bessel function of order ν. It follows
|〈m,m|z〉m| =
√
|z|m
Im(2|z|) Γ(m+ 1) . (36)
Finally, the eigenstates |z〉m become
|z〉m = |z|
m/2√
Im(2|z|)
+∞∑
n=m
zn−m√
Γ(n−m+ 1)Γ(n+ 1) |n,m〉 (37)
where Im(2|z|) is the modified Bessel function of the first kind given by [18]:
Im(2|z|) =
+∞∑
n=0
|z|2n+m
Γ(n+ 1)Γ(n+m+ 1)
. (38)
These states satisfy the following resolution of the identity [11]:∫
C
|z〉m m〈z|d̺(z) = IHm (39)
on Hm; d̺(z) is an appropriate measure. Indeed, performing the integrals over the whole
complex plane, where z = ρeiφ, ρ ∈ [0,∞), φ ∈ [0, 2π), and taking
d̺(z) =
2
π
Im(2|z|)Km(2|z|)d2z, d2z = d(Re z)d(Im z), (40)
the relation (31) defined on Hm leads to the resolution of the identity (39) by using the
following relation:
4
∫ ∞
0
ρ2n−m+1Km(2ρ)dρ = Γ(n−m+ 1)Γ(n+ 1) (41)
[Author and title] 8
deduced from the integral [19]:∫ ∞
0
dxxµKν(ax) = 2
µ−1a−µ−1Γ
(
1 + µ+ ν
2
)
Γ
(
1 + µ− ν
2
)
,
[Re(µ+ 1± ν) > 0, Re a > 0]. (42)
The quantity Km(2ρ), given by
Km(2ρ) =
π
2
I−m(2ρ)− Im(2ρ)
sin (mπ)
, (43)
is the modified Bessel function of the second kind [18].
The states |z〉m form an overcomplete basis for any allowed value of m. To prove
this, use (34), and set z = ρeiφ, where ρ ∈ [0,∞), φ ∈ [0, 2π). It follows that∫
C
|z〉m m〈z|d̺(z)
= 4
+∞∑
n=m
∫ ∞
0
Km(2ρ)
Γ(n−m+ 1)Γ(n+ 1)ρ
2n−m+1dρ|n,m〉〈n,m|. (44)
Then, using (41), we get on the Hilbert subspace Hm:∫
C
|z〉mm〈z|d̺(z) =
+∞∑
n=m
|n,m〉〈n,m| = IHm . (45)
We have for n ≥ 0 and m′ < 0
|n,m′〉 =
√
Γ(−m′ + 1)
Γ(n−m′ + 1)Γ(n+ 1) K
n
+|0,m′〉. (46)
Proposition 3..1 The components of the BGCS |z〉m′ such that K−|z〉m′ = z|z〉m′ ex-
panded as
|z〉m′ =
+∞∑
n=0
〈n,m′|z〉m′ |n,m′〉 (47)
are given by
〈n,m′|z〉m′ =
√
Γ(−m′ + 1)
Γ(n−m′ + 1)Γ(n+ 1) z
n〈0,m′|z〉m′ (48)
where
|〈0,m′|z〉m′ | =
√
|z|−m′
I−m′(2|z|) Γ(−m′ + 1) . (49)
[Author and title] 9
Proof. It uses the third equation of (27), the orthonormality relation and equation
(48).

The BGCS for m′ < 0, denoted by |z〉m′ , corresponding to the constraint B.L ≤ 0
with L the angular momentum, are given in the subspace H′m′ = span{|n,m′〉}n≥m′,m′<0
through the relation
|z〉m′ = |z|
−m′/2√
I−m′(2|z|)
+∞∑
n=0
zn√
Γ(n−m′ + 1)Γ(n+ 1) |n,m
′〉, m′ < 0. (50)
The resolution of the identity on the Hilbert subspace H′m′ = span{|n,m′〉}n≥m′,m′<0
is given by ∫
C
|z〉m′ m′〈z|d ˜̺(z) =
+∞∑
n=0
|n,m′〉〈n,m′| = IH′
m′
(51)
where the modified Bessel function Km′(2ρ) = K−m′(2ρ),m′ < 0 and d ˜̺(z) satisfy
an analog equality as (44).
The resolution of the identity on the entire Hilbert space H is deduced from (15), (45)
and (51) as
IH =
∑
m′<0
∫
C
|z〉m′ m′〈z|d ˜̺(z)
⊕ +∞∑
m=0
∫
C
|z〉mm〈z|d̺(z). (52)
Besides, the BGCS (37) are not orthogonal, i.e. given two vectors |z〉m and |z′〉m′ ,
(m 6= m′), on the Hilbert space Hm, their inner product is not null:
m〈z′|z〉m =
( |z′z|
z¯′z
)m/2 Im (2√z¯′z)√
Im(2|z′|)Im(2|z|)
6= 0. (53)
The overcompleteness of the BGCS |z〉m on Hm suggests to discuss their relation with
the reproducing kernels [20]. Define the quantity K(z, z′) := m〈z′|z〉m on Hm. Using the
facts
m〈z′|z〉m =
( |zz′|
z¯z′
)m/2
1√
Im(2|z|)Im(2|z′|)
×
+∞∑
n=m
(z¯z′)(2n−m)/2
1
Γ(n−m+ 1)Γ(n+ 1) , (54)
|z¯z′|m/2 =
( |z′z|
z¯z′
)m/2
(z¯z′)m/2 (55)
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and setting n = m+ ν, it follows that
m〈z′|z〉m =
( |zz′|
z¯z′
)m/2 Im (2√z¯z′)√
Im(2|z′|)Im(2|z|)
=: K(z′, z). (56)
K(z, z′) is well a reproducing kernel. Indeed,
Proposition 3..2 The following properties
(i) hermiticity
K(z, z′) = K(z′, z), (57)
(ii) positivity
K(z, z) > 0, (58)
(iii) idempotence ∫
C
d̺(z′′)K(z, z′′)K(z′′, z′) = K(z, z′) (59)
are satisfied by the function K on Hm.
Proof. (i) and (ii) result from (56) and (53), and (59) from direct computation.

From (45), for any |Ψ〉 ∈ Hm, we have
|Ψ〉 =
∫
C
d̺(z)Ψ(z)|z〉m (60)
where Ψ(z) := m〈z|Ψ〉. The following reproducing property
Ψ(z) =
∫
C
d̺(z′)K(z, z′)Ψ(z′) (61)
is also verified.
The Hilbert space Hm can be represented as the Hilbert space of analytic functions
in the variable z. Given a normalized state |Φ〉 = ∑+∞k=m Ck|k,m〉, Ck ∈ C on Hm, we
obtain
m〈z¯|Φ〉 = |z|
m/2√
Im(2|z|)
+∞∑
n=m
Cn z
n−m√
Γ(n−m+ 1)Γ(n+ 1) (62)
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such that the entire functions
f(z;m) =
√
Im(2|z|)
|z|m/2 m〈z¯|Φ〉 =
+∞∑
n=m
Cn z
n−m√
Γ(n−m+ 1)Γ(n+ 1) (63)
are analytic over the whole z plane. Then, from (45), we can write
|Φ〉 =
∫
C
d̺(z)
|z|m/2√
Im(2|z|)
f(z¯;m)|z〉m (64)
and express the scalar product of two states |Φ1〉 and |Φ2〉 given on Hm by the formula
〈Φ1|Φ2〉 =
∫
C
d̺(z)
|z|m
Im(2|z|) f1(z¯;m)f2(z¯;m). (65)
3.3. Mean values
The su(1, 1) CS can be used in different physical applications to calculate the ex-
pectation (mean) values of any significant physical observable O which characterizes the
quantum system embedded in the harmonic potential.
Indeed, using equation (37), the mean value of a physical observable O in the BGCS
|z〉m is obtained as:
m〈z|O|z〉m ≡ 〈O〉z,m = |z|
m
Im(2|z|)
+∞∑
n,k=m
zn−mz¯k−m
√
1
Γ(n−m+ 1)Γ(n+ 1)
×
√
1
Γ(k −m+ 1)Γ(k + 1) 〈k,m|O|n,m〉. (66)
Setting n = m+ ν, k = m+ υ, respectively, (66) can be rewritten as follows:
〈O〉z,m = |z|
m
Im(2|z|)
+∞∑
ν,υ=0
z¯υzν√
Γ(ν + 1)Γ(ν +m+ 1)Γ(υ + 1)Γ(υ +m+ 1)
×〈υ,m|O|ν,m〉. (67)
The computation of the mean values of the Ki, (i = −,+), using (27) and (67), gives
〈K−〉z,m = z 1
Im(2|z|)
+∞∑
ν=0
|z|2ν+m
Γ(ν + 1)Γ(ν +m+ 1)
= z, (68)
and
〈K+〉z,m = z¯ 1
Im(2|z|)
+∞∑
ν=0
|z|2ν+m
Γ(ν + 1)Γ(ν +m+ 1)
= z¯. (69)
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We can conclude, therefore, that 〈K−〉z,m and 〈K+〉z,m are mutually conjugated.
Since the generators K+,K− are given by K± = K1 ± iK2, we obtain from (68) and
(69) the following expressions:
〈K1〉z,m = 1
2
〈K− +K+〉z,m = 1
2
(z + z¯) = Re z, (70)
〈K2〉z,m = i
2
〈K− −K+〉z,m = i
2
(z − z¯) = −Im z. (71)
In order to compute the mean values of the generator K3 and its square K23, it is
useful to evaluate the sum Sn, with n = 0, 1, 2, . . ., given by (see Appendix in [21]):
Sn =
+∞∑
ν=0
(x2)ν
Γ(ν + 1)Γ(ν + n+ 1)
νn. (72)
Then, from (27), we obtain
〈K3〉z,m = |z|Im+1(2|z|)
Im(2|z|) +
m+ 1
2
(73)
and
〈K23〉z,m = |z|2
Im+2(2|z|)
Im(2|z|) + (m+ 2)|z|
Im+1(2|z|)
Im(2|z|) +
(
m+ 1
2
)2
. (74)
Besides, the number operator N diagonalizing the basis vectors {|ν,m〉, ν ≥ 0} for the
number states,
N |ν,m〉 = ν|ν,m〉, (75)
is used to compute the photon number distribution as follows:
|〈ν,m|z〉m|2 = |z|
2ν+m
Im(2|z|) Γ(ν + 1)Γ(ν +m+ 1) . (76)
Exploiting (73) and (74), we are able to compute explicitly the mean values of the number
operator and its second power to obtain:
〈N〉z,m =
〈
K3 − m+ 1
2
〉
z,m
= |z|Im+1(2|z|)
Im(2|z|) ,
〈N2〉z,m =
〈
K23 − (m+ 1)K3 +
(
m+ 1
2
)2〉
z,m
= |z|2 Im+2(2|z|)
Im(2|z|) + |z|
Im+1(2|z|)
Im(2|z|) .
(77)
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Then, it becomes straightforward to extend the calculation to the intensity correlation,
highlighting the bunching and antibunching effects of the quantum states, defined as in
[23]:
g(2)z,m =
〈N2〉z,m − 〈N〉z,m
〈N〉2z,m
=
Im(2|z|)Im+2(2|z|)
[Im+1(2|z|)]2 . (78)
More specifically, for two interesting limiting cases of the |z| variable, i.e. for |z| ≪ 1
and |z| ≫ 1, using the approximations for the Bessel modified function Im(x) [22]
Im(x) ≃ 1
Γ(m+ 1)
(x
2
)m
, Im(x) =
ex√
2πx
[
1 +O
(
1
x
)]
, (79)
we get for the intensity correlation function, with
Im(2|z|) ≃ |z|
m
Γ(m+ 1)
, Im+1(2|z|) ≃ |z|
m+1
Γ(m+ 2)
, Im+2(2|z|) ≃ |z|
m+2
Γ(m+ 3)
, (80)
the following expressions:
g(2)z,m ≃
m+ 1
m+ 2
, (81)
g(2)z,m ≃ 1, (82)
respectively. Thus, for small values of |z|, the intensity correlation function is smaller
than unity, for all values of m. The corresponding BGCS |z〉m exhibit sub-Poissonian
statistics behaviour (with antibunching effect, i.e. g
(2)
z,m < 1), while for large |z|, these
states tend to have Poissonian statistics (case of the standard CS, g
(2)
z,m ≃ 1). In addition,
the photon-number distribution (76) is sub-Poissonian [23].
3.4. Observables of the physical system mean values
The operators π+, π− and X+, X− of the system, provided in (6), (9) and (10), are
used to express the coordinate operators Xˆ, Yˆ and momentum operators Pˆx, Pˆy as follows:
Xˆ =
1
2
[X+ +X−]− i
2MΩ
[π+ − π−] , Yˆ = − i
2
[X+ −X−]− 1
2MΩ
[π+ + π−] , (83)
Pˆx = − i
4
MΩ [X+ −X−] + 1
4
[π+ + π−] , Pˆy = −1
4
MΩ [X+ +X−]− i
4
[π+ − π−] . (84)
The mean values of Xˆ, Yˆ and Pˆx, Pˆy in the states |z〉m are given in terms of the
classical dynamical variables p, q with z = q+ip√
2
and the modified Bessel functions of the
first kind, where the notation ξa,b(z) = Ia(2|z|)/Ib(2|z|) has been introduced, by
〈Xˆ〉z,m =
√
~
MΩ
q
√
ξm,m−1(z)
|z| , (85)
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〈Yˆ 〉z,m =
√
~
2MΩ
[
p
√
2ξm,m−1(z)
|z| − 2
√
|z|ξm,m+1(z)
]
, (86)
〈Pˆx〉z,m = 1
2
√
~MΩ
2
[
p
√
2ξm,m−1(z)
|z| + 2
√
|z|ξm,m+1(z)
]
, (87)
〈Pˆy〉z,m = −1
2
√
~MΩ
2
q
√
2ξm,m−1(z)
|z| . (88)
Thereby,
〈Pˆy〉z,m = −λ〈Xˆ〉z,m, 〈Pˆx〉z,m = λ〈Yˆ 〉z,m +
√
2~MΩ
√
|z|ξm,m+1(z), λ = MΩ
2
. (89)
Moreover, we obtain for XˆPˆx and Yˆ Pˆy :
〈XˆPˆx〉z,m = ~
2
pq
|z|
√
ξm,m−2(z) +
i~
2
+
~
√
2
2
q,
〈Yˆ Pˆy〉z,m = −~
2
pq
|z|
√
ξm,m−2(z) +
i~
2
+
~
√
2
2
q. (90)
The observable dispersions are derived with the approximations as performed in (79)-
(80), and lead, for |z| ≫ 1, to the following relation:
(∆Xˆ)2z,m(∆Pˆx)
2
z,m =
~2
4
(m+ 1)2 +
(
4~
MΩ
+
2~
MΩ
1
|z| −
~2
2
)
×
(√
2(m+ 1)p+
2
|z|p
2
)
+
~
2
4
√
2(m+ 1)
|z| p. (91)
The relation (91) yields, in the limit p→ 0,
(∆Xˆ)2z,m(∆Pˆx)
2
z,m =
~2
4
(m+ 1)2 ≥ ~
2
4
, m ≥ 0, (92)
satisfying (∆Xˆ)z,m(∆Pˆx)z,m =
~
2 at m = 0, which means that the uncertainty relation
is saturated, highliting one of the most important features exhibited by CS, i.e, their
quantal face is the closest possible to its classical counterpart.
[Author and title] 15
3.5. Probability density and time evolution
This paragraph explores the semi-classical character of the su(1, 1) CS |z〉m. We
analyse how these states do evolve in time under the action of the time evolution operator
provided by the physical Hamiltonian describing the quantum system.
From the quantity
m〈z′|z〉m =
( |z′z|
z¯′z
)m/2
1√
Im(2|z′|)Im(2|z|)
+∞∑
υ=0
(
√
z¯′z)2υ+m
Γ(υ + 1)Γ(υ +m+ 1)
, (93)
given a normalized state |z0〉m, the phase space distribution is defined by the proba-
bility density as follows:
z 7→ ̺z0(z) := |m〈z|z0〉m|2 =
Im(2
√
z0z¯)Im(2
√
z¯0z)
Im(2|z|)Im(2|z0|) . (94)
Its time evolution behavior is then provided by
z 7→ ̺z0(z, t) := |m〈z|e−
i
~
H˜t|z0〉m|2. (95)
By acting the evolution operator U(t) = e−
i
~
H˜t on the state |z0〉m, we get
|z0; t〉m = e− i~ H˜t|z0〉m
= e−
i
2
[m(Ω+ωc)+Ω]t
[
|z0|m/2√
Im(2|z0|)
+∞∑
ν=0
(z0(t))
ν√
Γ(ν + 1)Γ(ν +m+ 1)
|ν,m〉
]
= e−
i
2
[m(Ω+ωc)+Ω]t|z0(t)〉m (96)
where z0(t) := e
−iΩtz0.
Therefore
̺z0(z, t) := |m〈z|e−
i
~
H˜t|z0〉m|2 = Im(2
√
z0(t)z¯)Im(2
√
z¯0(t)z)
Im(2|z|)Im(2|z0(t)|) . (97)
It comes that the time dependence of a given BGCS |z〉m is furnished by
|z; t〉m = e− i~ H˜t|z〉m = e− i2 [m(Ω+ωc)+Ω]t|z(t)〉m, z(t) := e−iΩtz. (98)
The relation (98) shows that the time evolution of the CS |z〉m reduces to a rotation
in the complex plane given by z 7→ z(t) = e−iΩtz up to a phase, namely, e− i2 [m(Ω+ωc)+Ω]t.
Therefore, the semi-classical feature of the CS is given by (94), while the temporal sta-
bility property is highlighted by the relation (98). The latter asserts that the temporal
evolution of any CS always remains a CS, and fixes the phase behavior of the CS |z〉m
with the factor e−iΩt.
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4. Quantization with the su(1, 1) coherent states
As is proved in Section 3, the su(1, 1) CS family resolves the unity. As an immediate
consequence, we establish in this section the correspondence (quantization) between clas-
sical and quantum quantities. For more details in the quantization procedure see [24, 25]
and references listed therein.
4.1. Quantization of elementary classical observables
The Berezin-Klauder-Toeplitz quantization of elementary classical variables z and z¯
is realized via the maps z 7−→ Az and z¯ 7−→ Az¯ defined on the Hilbert subspaces Hm and
H′m′ by
Az|Hm :=
∫
C
z |z〉mm〈z|d̺(z), Az|H′
m′
:=
∫
C
z |z〉m′ m′〈z|d ˜̺(z) (99)
providing
Az :=
∑
m′<0
∫
C
z |z〉m′ m′〈z|d ˜̺(z)
⊕ +∞∑
m=0
∫
C
z |z〉m m〈z|d̺(z), (100)
Az¯ :=
∑
m′<0
∫
C
z¯ |z〉m′ m′〈z|d ˜̺(z)
⊕ +∞∑
m=0
∫
C
z¯ |z〉m m〈z|d̺(z). (101)
This gives, using the equations (27), (68) and (69), the following relations:
Az =
∑
m′<0
+∞∑
n=0
√
(n−m′ + 1)(n+ 1)|n,m′〉〈n+ 1,m′|
⊕ +∞∑
m=0
+∞∑
n=m
√
(n−m+ 1)(n+ 1)|n,m〉〈n+ 1,m| = K−, (102)
Az¯ =
∑
m′<0
+∞∑
n=0
√
n(n−m′)|n,m′〉〈n− 1,m′|
⊕ +∞∑
m=0
+∞∑
n=m
√
n(n−m)|n,m〉〈n− 1,m| = K+ (103)
with the matrix elements:
(Az|Hm )n,k =
2
π
∫ ∞
0
Km(2ρ)ρ
n−m+k+2dρ×
∫ 2pi
0
e−ı[(k−m)−(n+1−m)]φdφ×
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× 1√
Γ(n−m+ 1)Γ(n+ 1)Γ(k −m+ 1)Γ(k + 1) , (104)
(Az¯|Hm )n,k =
2
π
∫ ∞
0
Km(2ρ)ρ
n−m+k+2dρ×
∫ 2pi
0
e−ı[(k+1−m)−(n−m)]φdφ×
× 1√
Γ(n−m+ 1)Γ(n+ 1)Γ(k −m+ 1)Γ(k + 1) , (105)
respectively.
Their commutator [Az , Az¯] is reduced to
[Az , Az¯] = 2K3 (106)
reminding the su(1, 1) commutation rules (23).
Other interesting results emerging from this context are the following mean values:
m〈z|Az|Hm |z〉m = z = m′〈z|Az|H′
m′
|z〉m′ , m〈z|Az¯|Hm |z〉m = z¯ = m′〈z|Az¯|H′
m′
|z〉m′ , (107)
m〈z|A2z|Hm |z〉m = z
2 = m′〈z|A2z|H′
m′
|z〉m′ , m〈z|A2z¯|Hm |z〉m = z¯
2 = m′〈z|A2z¯|H′
m′
|z〉m′ ,
(108)
m〈z|Az¯|HmAz|Hm |z〉m = |z|2 = m′〈z|Az¯|H′
m′
Az|H′
m′
|z〉m′ (109)
m〈z|Az|HmAz¯|Hm |z〉m = |z|2 + 2〈K3〉z,m, m′〈z|Az|H′
m′
Az¯|H′
m′
|z〉m′ = |z|2 + 2〈K3〉z,m′
(110)
where 〈K3〉z,m is provided in (73) and 〈K3〉z,m′ given by
〈K3〉z,m′ = |z|I−m
′+1(2|z|)
I−m′(2|z|) +
−m′ + 1
2
. (111)
5. Mandel parameter
Several parameters can be introduced to characterize statistical properties. The most
popular one is the Mandel parameter [27, 30]. Let Q denote this parameter. Then Q is a
convenient noise-indicator of a non-classical field. This is frequently used to measure the
deviation from Poisson distribution. Thus, Q can distinguish quantum processes from
classical ones [27]-[34].
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The Mandel parameter Q is defined as [27]
Q ≡ (∆N)
2 − 〈N〉
〈N〉 =
2〈I〉
T
∫ T
0
dt2
∫ t2
0
dt1[1 + λ(t1)]− 〈I〉T, (112)
where 〈N〉 is the average counting number; (∆N)2 is the corresponding square variance;
〈I〉 = 〈N〉/T is the steady-state photon-counting rate expressed in units of cps; λ(τ) =
〈∆I(t)∆I(t + τ)〉/〈I(t)〉〈I(t + τ)〉 is the normalized two-time correlation of intensity
fluctuations (∆I(t) = I(t)− 〈I(t)〉) of time difference equal to the time τ [26].
Moreover, the Mandel parameter Q
Q = (∆N)
2
〈N〉 − 1 ≡ F − 1 (113)
is closely related to the normalized variance, also called the quantum Fano factor F [31],
given by F = (∆N)2/〈N〉, of the photon distribution. For F < 1(Q ≤ 0), the emitted
light is referred to as sub-Poissonian (corresponding to nonclassical states); F = 1,Q = 0
corresponds to the Poisson distribution (case of standard CS), whereas for F > 1, (Q > 0)
the light is called super-Poissonian (corresponding to classical states) [27]-[35]. Thus, in
this case, using (77), we have in the BGCS |z〉m:
• For |z| ≪ 1
(∆N)2z,m ≃ |z|2
|z|2
(m+ 2)(m+ 1)
+ |z| |z|
m+ 1
− |z|2 |z|
2
(m+ 1)2
,
〈N〉z,m ≃ |z| |z|
m+ 1
(114)
providing F < 1 and
Q ≃ − |z|
2
(m+ 1)(m+ 2)
< 0 (115)
indicating that the BGCS |z〉m have sub-Poissonian statistics as discussed in the
subsection 3.3.
• For |z| ≫ 1
(∆N)2z,m ≃ |z|, 〈N〉z,m ≃ |z| (116)
giving F ≃ 1 such that
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Q ≃ 0. (117)
It implies that the BGCS |z〉m have Poissonian statistics for |z| ≫ 1 as also noticed
in the subsection 3.3. Therefore, for |z| ≫ 1, the sates |z〉m coincide with the
standard CS.
6. Thermal properties of the BGCS
In quantum mechanics, the probability distribution on the states of a physical system
can be characterized by a statistical operator called density matrix, generally denoted
by ρ. The latter reveals to be an important tool used for examining the physical and
chemical properties of a system. In the Fock representation, the density matrix is given
by its matrix elements, ρm,n = 〈m|ρ|n〉, as in [24]: ρ =
∑
m,n ρm,n|m〉〈n|.
This section furnishes a description of the statistical properties of the BGCS for our
model in the situation of a pseudo-thermal equilibrium (limited to some value of m, with
m ≥ 0). Consider a quantum gas of the system in the thermodynamic equilibrium with
a reservoir at temperature T , which satisfies a quantum canonical distribution. The
corresponding normalized density operator for a fixed number m is given by
ρm =
1
Z
+∞∑
ν=0
e−βEν,m |ν,m〉〈ν,m|, Eν,m = ~Ων + ~
2
(m(Ω + ωc) + Ω) , (118)
where the partition function Z is taken as the normalization constant. To derive the
energy levels Eν,m in (118), we put n = ν +m in En,m given in (12) and find
En,m = ~Ω
(
ν +m+
1
2
)
− ~
2
Ωm+
~
2
ωcm. (119)
Developing and rearranging this expression lead to the required relation, i.e.,
En,m = ~Ων + ~
2
[Ω + (Ω + ωc)m] := Eν,m. (120)
The diagonal elements of the density operator in the BGCS representation are given
by
m〈z|ρm|z〉m = 1
Z
|z|m
Im(2|z|)
+∞∑
ν=0
e−βEν,m
|z|2ν
Γ(ν + 1)Γ(ν +m+ 1)
. (121)
Note that the quantity m〈z|ρm|z〉m is analog to the “semi-classical ”phase space distribu-
tion function µ(x, p) = 〈z|ρ|z〉 associated to the density matrix ρ (here ρm) of the system
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which is normalized as
∫
(dxdp/2π~)µ(x, p) = 1. It is often referred to as the Husimi
distribution [36].
Then, using (35), (118) and Eν,m = ~Ων +
~
2 (m(Ω + ωc) + Ω), we deduce
m〈z|ρm|z〉m = 1
Z
e−
β~
2
Ωe−
β~
2
mωc
Im(2|z|e−β~2 Ω)
Im(2|z|) . (122)
The normalization of the density operator leads to
Trρm =
∫
C
d̺(z)m〈z|ρ|z〉m = 1. (123)
By the use of the following integral relation [22]:
∫ +∞
0
dxx−λKµ(ax)Iυ(bx) =
bυΓ
(
1
2 − 12λ+ 12µ+ 12υ
)
Γ
(
1
2 − 12λ− 12µ+ 12υ
)
2λ+1Γ(υ + 1)a−λ+υ+1
×F
(
1
2
− 1
2
λ+
1
2
µ+
1
2
υ,
1
2
− 1
2
λ− 1
2
µ+
1
2
υ; υ + 1;
b2
a2
)
[Re(υ + 1− λ± µ) > 0, a > b], (124)
we obtain
Z = e−
β~
2
[m(Ω+ωc)+Ω]F
(
m+ 1, 1;m+ 1; e−β~Ω
)
, (125)
where F corresponds to the hypergeometric function satisfying the following property
[37]:
F (c, µ; c;x) = F (µ, c; c;x) = (1− x)−µ. (126)
It comes that the partition function Z takes the form:
Z = e−
β~
2
m(Ω+ωc)
{
2 sinh
{
β~
2
Ω
}}−1
. (127)
The diagonal elements of the density matrix (122) can be written as
m〈z|ρm|z〉m = 2e
β~
2
(m−1)Ω sinh
{
β~
2
Ω
}
Im(2|z|e−β~2 Ω)
Im(2|z|) . (128)
In the case of a strong magnetic field, i.e. ω0 ≪ ωc, it simplifies into the expression:
m〈z|ρm|z〉m = 2e
β~ωc
2
(m−1)
(
1+2(ω0ωc )
2
)
sinh
{
β~ωc
2
(
1 + 2
(
ω0
ωc
)2)}
×
Im
(
2|z|e−
β~ωc
2
(
1+2(ω0ωc )
2
))
Im(2|z|) . (129)
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With the equations (128) and (129), we look for another thermodynamical aspect of
the model in the BGCS representation. Indeed, CS are also relevant to the concept of
Wehrl entropy W defined as [39, 38, 40]:
W := −
∫
dxdp
2π~
µ(x, p) lnµ(x, p) (130)
where µ(x, p) = 〈z|ρ|z〉. Evaluating it now in terms of the distribution function
m〈z|ρm|z〉m in (128), we obtain
W = −
∫
C
d̺(z)m〈z|ρm|z〉m ln[m〈z|ρm|z〉m]
= − ln
{
2 sinh
{
β~
2
Ω
}}
− β~
2
Ω(m− 1)−
[
2e
β~
2
Ω(m−1) sinh
{
β~
2
Ω
}]
×
×
∫
C
d2z
2
π
Km(2|z|) Im(2|z|e−
β~
2
Ω) ln
{
Im(2|z|e−β~2 Ω)
Im(2|z|)
}
. (131)
Assuming that the argument of the logarithm function under the integral is dominated
in the region |z| ≪ 1, we get approximately
∫
C
d2z
2
π
Km(2|z|) Im(2|z|e−
β~
2
Ω) ln
{
Im(2|z|e−β~2 Ω)
Im(2|z|)
}
≃ −mβ~
2
Ω× e
−β~
2
Ω(m−1)
2 sinh
{
β~
2 Ω
} .(132)
Therefore, the Wehrl entropy is approximated to the quantity
W ≃ − ln [1− e−β~Ω] = −1 +WHO , (133)
where WHO = 1 − ln
[
1− e−β~Ω] is the conventional harmonic oscillator Wehrl entropy
[38] with frequency Ω. Besides, setting
˜
m〈z|ρ|z〉m =
(
2πl2
A
)
m〈z|ρ|z〉m (134)
where l =
√
~
MΩ and A = πR2 with R the radius of the cylindrical body considered
in [2], and evaluating
W˜ = − A
2πl2
∫
C
d̺(z) ˜m〈z|ρ|z〉m ln[ ˜m〈z|ρ|z〉m] (135)
as in (131)-(133), we get
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W˜ ≃ − ln [1− e−β~Ω]− ln(2πl2
A
)
≡ −1 +Wcalc. (136)
Here, Wcalc = 1− ln
[
1− e−β~Ω]− ln(2pil2A ) is the Wehrl entropy calculated for Landau’s
diamagnetism for a spinless electron in a uniform magnetic field. The thermal harmonic
oscillator [41] frequency is denoted by Ω, and l =
√
~
MΩ . Hence, in this case, our physical
model is an approximation of the problem of a thermal harmonic oscillator with frequency
Ω.
In the case of a strong magnetic field, using (129), we get
W ≃ − ln
(
1− e−
β~ωc
2
(
1+2(ω0ωc )
2
))
. (137)
The diagonal expansion of the density operator can be performed for this physical
model, as investigated in [23] in the constructed BGCS as follows:
ρm =
∫
C
d̺(z)Pm(z)|ν,m〉〈ν,m|, (138)
where the function Pm(z) must be determined. To this end, we first compute the diagonal
elements of the density operator ρm in the basis of the number states, namely {|ν,m〉, ν ≥
0}, by setting:
〈ν,m|ρm|ν,m〉 =
∫
C
2
d2z
π
Km(2|z|)Im(2|z|)Pm(z)〈ν,m|z〉mm〈z|ν,m〉. (139)
By the use of
∑+∞
ν=0 |ν,m〉〈ν,m| = 1 and (118), they are given by
〈ν,m|ρm|ν,m〉 = 1
Z
e−βEν,m = [1− e−β~Ω]e−β~Ων . (140)
Then, using the integral (42), we obtain for the function Pm(z) the following expres-
sion:
Pm(z) = [e
β~Ω − 1]e β~2 ΩmKm(2|z|e
β~
2
Ω)
Km(2|z|) (141)
which is normalized as ∫
C
d̺(z)Pm(z) = 1. (142)
Then, the diagonal representation of the normalized density operator takes the form
ρm = [e
β~Ω − 1]e β~2 Ωm
∫
C
d̺(z)
Km(2|z|e β~2 Ω)
Km(2|z|) |z〉m m〈z|. (143)
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Therefore, given an observable O, one obtains its mean value, i.e., its pseudo-thermal
average (with m ≥ 0) as follows:
〈O〉m = Tr(ρmO) =
∫
C
d̺(z)Pm(z)m〈z|O|z〉m. (144)
In this manner, the pseudo-thermal expectation value of the number operator N , by
using (77), (125) and (126) together, is
〈N〉m = Tr(ρmN) =
∫
C
d̺(z)Pm(z)m〈z|N |z〉m = 1
eβ~Ω − 1 . (145)
In the same vein, using (77), (125) and (126), the pseudo-thermal expectation value
of the square of the number operator becomes
〈N2〉m = Tr(ρmN2) =
∫
C
d̺(z)Pm(z)m〈z|N2|z〉m = 1
eβ~Ω − 1 + 2
1
(eβ~Ω − 1)2 . (146)
One remarks that both thermal expectation values 〈N〉m and 〈N2〉m are independent of
the Bargmann index given here by m. One can therefore define the thermal intensity
correlation function, which is also independent of the index m, by
〈g〉m ≡ 〈N
2〉 − 〈N〉
〈N〉2 = 〈g
2〉 = 2. (147)
7. Concluding remarks
In this work, we investigated the Fock-Darwin Hamiltonian describing a gas of spinless
charged particles, subject to a perpendicular magnetic field B, confined in a harmonic
potential. We used a set of step and orbit-center coordinate operators. Then we showed
that the studied system possesses su(1, 1) Lie algebra. As a consequence, CS were con-
structed as the eigenstates of the SU(1, 1) group generator K−. The mean values of
SU(1, 1) group generators and of the physical system observables, the probability density
and the time dependence of the BGCS were discussed. Using these CS, the Berezin -
Klauder - Toeplitz quantization were performed. Quantum optical characteristics such
as the Mandel parameter were derived. Statistical properties of a gas in thermodynamic
equilibrium with a reservoir at temperature T , satisfying the quantum canonical distri-
bution, were investigated and discussed. Finally, using the density matrix provided in
the BGCS representation, we noticed, via the calculation of the Wehrl entropy, that the
considered system can be identified to a model of a thermal harmonic oscillator.
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